1. Introduction: Classical Schubert calculus, by which I mean the formulas of Giambelli and Pieri encoding the product structure of the cohomology ring of a complex Grassmannian, has been an essential tool in enumerative algebraic geometry for over a century.
String theorists (notably Witten W] ) recently introduced the notion of a \quantum" deformation of the cohomology ring of a smooth projective variety X. This quantum deformation, or quantum cohomology ring, as it is often called, is an algebra over a formal-power-series ring which specializes to the ordinary cohomology ring, and which is de ned in terms of intersection data (the Gromov-Witten invariants) on all the spaces of holomorphic maps from pointed curves of genus zero to X.
A rigorous de nition of the Gromov-Witten invariants, together with a veri cation of the algebra structure of these quantum deformations, has been established by two schools, namely the symplectic school of Ruan-Tian ( RT] ) and the algebro-geometric school of Kontsevich-Manin ( KM]). One interesting variant of the quantum deformation is a \small" deformation of the cohomology ring (terminology taken from F2]) which is an algebra over a polynomial ring (hence of nite-type over C) sitting between the full quantum deformation and the cohomology ring itself. This \small" quantum cohomology ring can be de ned independently, and we will do so in the Grassmannian case, where it turns out to be an algebra over a polynomial ring in one variable. We'll let q stand for the variable.
In this paper, the rules for the Schubert calculus are modi ed so that they are valid in the small quantum cohomology ring. In other words, whereas the Giambelli and Pieri formulas are valid in the cohomology ring of a Grassmannian, higher order terms (in q) may appear when the corresponding products are taken in this ring. The main result here is the computation of these higher order terms. Our computation relies on the recursive properties of a particular smooth compacti cation (the Grothendieck quot scheme) of the space of holomorphic maps of a xed degree from P 1 to a Grassmannian. In order to x notation and refresh the reader's memory, we begin with an overview (following GH]) of the classical Schubert calculus before continuing with the introduction.
Let: V be a vector space over C of dimension n, 0 = V 0 V 1 ::: V n = V be a full ag for V , G := G(n ? k; n) be the Grassmannian of n ? k-dim'l subspaces of V , x V be the subspace corresponding to a point x 2 G. Given an n ? k-tuple of integersã := (a 1 ; :::; a n?k ) satisfying the inequalities k a 1 ::: a n?k 0, let: Wã = fx 2 Gj dim( x \ V k+i?a i ) ig: Then Wã is a subvariety of G of complex codimension jãj := P n?k i=1 a i . Let ã 2 H 2jãj (G; C) be the corresponding element in cohomology.
One calls Wã the Schubert variety associated toã (and the given ag).
The cohomology classes ã produce a vector-space basis for H (G; C) as thẽ a = (a 1 ; :::; a n?k ) range over all tuples of integers with the given constraints. The Schubert varieties W a := W (a;0;:::;0) are called special Schubert varieties. The corresponding cohomology classes a coincide with the image in cohomology of the chern classes c a (Q) where Q is the universal quotient bundle on G. These special cohomology classes generate the cohomology ring of the Grassmannian as an algebra over C via the following determinantal formula:
Giambelli's Formula: By convention, let a = 0 if a < 0 or a > k. Then This is an immediate consequence of the fact that the cohomology classes ã satisfy the Poincar e duality property above.
The key idea behind the quantum deformations is to introduce \higher order terms" into the product by considering a sequence of intersection numbers, starting with the intersections on G itself. To be more precise, here is a de nition for the small quantum deformation.
For each integer d 0, let hWã 1 ; :::Wã N i d 2 Z be the \Gromov-Witten" intersection number de ned as follows. Choose general points p 1 ; :::; p N 2 P 1 and general translates of the Wã i . Then hWã 1 ; :::; Wã N i d is \by de nition" the number of holomorphic maps f : P 1 ! G of degree d with the property that f(p i ) 2 Wã i for all i = 1; :::; N (and zero if the sum of the jã i j is such that one expects this number not to be nite). In x2, we make rigorous sense out of this de nition and reinterpret it as an intersection of generalized Schubert cohomology classes in a Grothendieck quot scheme, which in this case happens to be a smooth, projective variety of dimension nd + dim(G).
Notice that in particular, the Gromov-Witten number hWã 1 ; :::Wã N i 0 is the original intersection number in G.
The \quantum" product of ã 1 ; :::; ã N , which we will denote with asterisks as ã 1 ::: ã N , is de ned as follows. Let q be a formal variable. Notice that setting q = 0, one recovers the original product. Notice also that this sum is nite, because the dimensions of the spaces of holomorphic maps from P 1 to G increase with d.
The really surprising aspect of quantum cohomology is the following: Associativity Theorem: Extend the quantum product to a product on elements of H (G; C) q] by linearity and by setting Then the pairwise quantum product is associative and gives H (G; C) q] the structure of a C q]-algebra. The quantum product of more than two terms agrees with the product in this ring.
It would be confusing to refer to this ring as H (G; C) q] because the quantum product is not the same as the natural product on this polynomial ring, so we make the following:
De nition (of the small quantum ring): The small quantum cohomology ring QH (G) is by de nition the vector space H (G; C) q] equipped with the extended quantum product.
As I said earlier, this theorem is a special case of more general associativity results in Ruan-Tian RT] or Kontsevich-Manin KM] . It is also a very powerful theorem, as it tells us that all quantum products are determined by the pairwise products(!) For example, Siebert and Tian ( ST] ), following ideas of Witten, use this idea to reduce the proof of the following presentation for QH (G) to a single computation for degree one maps: ( ) q : C X 1 ; :::; X k ; q]=(Y n?k+1 (X ); :::; Y n (X ) ? (?1) k?1 q) = QH (G); where X a 7 ! a ; q 7 ! q and the Y i (X ) are de ned as in ( ).
In this paper, we will compute versions of the Italian formulas where the ordinary multiplication is replaced by quantum multiplication. Unlike the presentation for the quantum cohomology ring above, it seems that the best way to approach this problem is not by invoking the associativity theorem, even though the quantum product is, of course, determined by ( ) q . Rather, both formulas follow rather quickly from a theorem of Kempf and Laksov
( KL]) once we have analyzed the relevant Grothendieck quot scheme in x3.
To be precise, we will prove the following formulas in x4: Quantum Giambelli: ã = ã ( ); when the determinant is evaluated in QH (G) using the quantum product. In other words, no higher order terms arise from the Giambelli determinant! Quantum Pieri:
where thec range over all n ? k-tuples satisfying: jcj = a + jãj ? n and a 1 ? 1 c 1 a 2 ? 1 ::: a n?k ? 1 c n?k 0:
Notice that as is the case with the classical Giambelli and Pieri formulas, the quantum versions determine all the quantum products.
In x5, as a quick application of quantum Giambelli, we see that a residue formula of Vafa and Intriligator computing the Gromov-Witten numbers for special Schubert varieties can readily be modi ed to compute all the GromovWitten numbers.
Final Remarks: By substituting the Giambelli determinant, one of course has the identity: ã ã 1 ::: ã N = ã ( ) ã 1 ::: ã N in QH (G) for any Schubert cohomology classes ã and ã 1 ; :::; ã N . Similarly one can substitute for a product a ã using quantum Pieri. This is obvious once the associativity theorem is established. But it can be (and was orignally) proved directly using the methods of this paper without appealing to the quantum ring, and can indeed be used to obtain an independent proof of the associativity theorem in this context. (Quantum Giambelli implies H (G; C) q] is a quotient of the polynomial ring C x 1 ; :::; x k ; q] and quantum Pieri implies that the kernel is an ideal, putting the quotient ring structure, which is the quantum product, on H (G; C) q].) Finally, it is possible to derive quantum Pieri from quantum Giambelli and the presentation ( ) q of the quantum cohomology ring, bypassing the delicate geometric arguments in x4. Quantum Giambelli itself, however, seems to require a special proof.
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Finally, I would like to thank Lowell Abrams, who pointed out an error in an earlier formulation of quantum Pieri. While correcting that error, I decided to revise the paper and \quantize" the title, which was formerly \Modular Schubert Calculus." 2. Intersections on the Space of Maps: In this section, we will rigorously de ne the intersection of Schubert varieties on the moduli spaces M d of holomorphic maps of degree d from P 1 to G. We will rst prove a moving lemma, stating that the Schubert varieties can be made to intersect in points when they ought to. Then we will prove a cohomological lemma, interpreting the intersection as the intersection of cohomology classes in a given smooth, projective variety.
We begin with M d itself. The usual way to prove that the space of maps is represented by a quasiprojective scheme is to embed it as an open set in a Hilbert scheme based on the product P 1 G. However, there is another moduli space available which contains M d as an open subscheme, namely Grothendieck's quot scheme, which will be our compacti cation of choice.
Recall that a map f : P 1 ! G is equivalent to specifying a quotient vector bundle V O P 1 ! Q, or dually, a subbundle S = Q , ! V O P 1 (modulo the action of GL(V )) where S has degree ?d and rank k. The quot scheme will parametrize maps S , ! V O P 1 that are injective as maps of sheaves. In other words, the cokernel F of such a map is not required to be a vector bundle. Speci cally, let (m) = (m + 1)(n ? k) + d. Remark: In x4, we will use this conclusion to extend the de nition of the Gromov-Witten numbers to situations where the cohomological interpretation is the correct one, and the naive de nition from x1 is not correct. Thus, the de nition of the quantum product is now secure, and the Gromov-Witten numbers have a cohomological interpretation. As another application of the moving lemmas, we prove the following formula for the \trivial" quantum product. Since the quotient is a vector bundle of rank r supported on a divisor which intersects each ber of the projection P 1 G d;r ! G d;r in a point, the kernel of f d;r is a vector bundle E d;r with the desired properties. Since the quot scheme is a ne moduli space, moreover, we know that (id; r ) S d = E d;r .
It may be more illuminating to think of the maps r pointwise. Namely, if S , ! V O P 1 is a vector bundle subsheaf of rank k and degree ?d + r, then a point p 2 P 1 and rank r quotient S(p) ! C r (p) determine a point x 2 G d;r . The kernel of the map S ! C r (p) is a new vector bundle E of rank r and degree ?d which becomes a subsheaf of V O P 1 via its inclusion as a subsheaf of S. The resulting subheaf E , ! V O P 1 is the image r (x). Now, suppose that V O P 1 ! T is a quotient with (P 1 ; T(m)) = , and that the rank of T at p 2 P 1 is at least n?k +r. Then let i : E , ! V O P 1 be the kernel, and consider the dual map i . The fact that T has rank n?k+r at p implies that at p, the map on bers: i (p) : V (p) ! E (p) has a cokernel of rank at least r. Thus, we may choose a quotient E ! C r (p) such that i factorizes through the kernel, S , which proves (i). Moreover, if the sheaf T has rank exactly n ? k + r at exactly one point p 2 P 1 , then the bundle S is uniquely determined, which proves (ii) on the level of sets.
To prove (ii) completely, we observe that the map r may be inverted on the image of As our rst application of the structure theorem, we will prove the second moving lemma. where each Wã appears nã times on the right. This de nition extends in the obvious way to de ne Gromov-Witten invariants of any collection P 1 (W~ ); :::; P N (W~ ) of polynomials in the Schubert varieties. Also, the Conclusion following Corollary 2.4 applies to show that the Gromov-Witten invariant de ned in this way coincides with the degree of the product of the P i ( ~ ), thought of as polynomials in the generalized Schubert cohomology classes (see Corollary 2.3) when evaluated in the cohomology ring of the quot schemes Q d .
Thus, for example, the Giambelli determinantal formula for Wã, evaluated with a quantum product, becomes: 
